Abstract. In the present paper we extend the construction of the formal (affine) Demazure algebra due to Hoffnung, Malagón-López, Savage and Zainoulline in two directions. First, we introduce and study the notion of a formal Demazure lattice in the Kac-Moody setting and show that all the definitions and properties of the formal (affine) Demazure operators and algebras hold for such lattices. Second, we show that for the hyperbolic formal group law the formal Demazure algebra is isomorphic (after extending the coefficients) to the Hecke algebra.
Introduction
A series of papers [HMSZ] , [CZZ] , [CZZ1] , [CZZ2] by Calmès, Hoffnung, Malagón-López, Savage, Zainoulline and Zhong generalized the Kostant-Kumar [KK] , [KK1] nil-Hecke approach to equivariant cohomology of flag varieties to the context of algebraic oriented theories in the sense of Levine-Morel, with the respective formal group laws and finite root systems. Namely, they introduced an algebra R Λ F called a formal group algebra which depends on a commutative ring R, a lattice Λ lying between the weight lattice and root lattice of a finite root system Φ, and a formal group law F ; then they defined a generalized version of the Demazure and BGG-operators (see [Dem] and [BGG] respectively) acting on R Λ F , the formal Demazure/Push-pull operators. Let W be the Weyl group of Φ and let Q F be the quotient field of R Λ F . Following the ideas of [KK] they introduced the so-called formal twisted algebra Q F W , which is the smash product of the group algebra R[W ] and of Q F . Finally, they proved that a subring D F (resp. D F ) of Q F W generated by the Demazure/Push-pull elements (and multiplications) is isomorphic to the (affine) nil-Hecke algebra. For related results in the topological context we refer to the papers [BE] , [Co] [GR] , [HHH] by Bressler, Cooper, Evans, Ganter, Harada, Henriques, Holm, and Ram. In the present paper we extend the construction of Calmès et al. to an arbitrary Kac-Moody root system and the hyperbolic formal group law F µ1,µ2 (u, v) = u+v−µ1uv 1+µ2uv , µ 1 , µ 2 ∈ R. The hyperbolic formal group law is a natural choice since both the additive (corresponding to usual cohomology) and the multiplicative (corresponding to K-theory) formal group laws can be obtained from it by specialization. It has been actively studied in the context of elliptic formal group laws by Buchstaber-Bunkova [BB] , [BB1] and it has a rich topological background as it corresponds to the celebrated 2-parameter Todd genus introduced and studied by Hirzebruch in [Hirz] . Recently in [LZ] and [LZ1] , it was used to generalize the root polynomial approach of BilleyGraham-Willems to Schubert calculus. This paper is structured as follows. In section 2, we recall the definitions of a commutative formal group law, formal group algebra, and facts concerning KacMoody root systems. In section 3, we introduce an analogue of the intermediate lattice Λ in the Kac-Moody setup, called the formal Demazure lattice, see Definition 3.1. In section 4, we show that all the definitions and properties of the formal (affine) Demazure operators and algebras hold for such a lattice, see 4.13. Finally, in section 5, we prove that for the hyperbolic formal group law the algebra D F is isomorphic (after extending the coefficients) to the Hecke algebra of the Weyl group of a Kac-Moody root system (see Theorem 5.2), thereby generalizing [CZZ2, Prop. 9 .2].
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Preliminaries
Hyperbolic formal group algebra. A one-dimensional commutative formal group law over a commutative unital ring R is a power series F (u, v) ∈ R u, v such that (see [Haz, p.1 
The inverse of F (u, v) is the unique power series G(t) ∈ R t such that F (u, G(u)) = 0 (see [Haz, Appendix A.4 .7] for a proof). For simplicity we will write u + F v := F (u, v) and − F u := G(u). By the very definition of F we have
Our central example is the following (see [BB, Example 63] , [BB1, Corollary 3.8 
])
Example 2.1. Let µ 1 , µ 2 ∈ R. The hyperbolic 2-parameter formal group law is defined as
By [BB, p. 3, 8] , its exponential is given by exp Fµ 1 ,µ 2 (u) = e αu −e βu αe αu −βe βu where µ 1 = α + β, µ 2 = −αβ, hence the name hyperbolic formal group law. If µ 1 = µ 2 = 0 (resp. µ 2 = 0, µ 1 ∈ R × ) we get the additive formal group law F a (u, v) = u + v (resp. the multiplicative periodic formal group law F m (u, v) = u + v − µ 1 uv).
The inverse of F µ1,µ2 (u, v) is the same as for the multiplicative one, i.e.
Following [CPZ, Definition 2.4 ] let Λ be an abelian group and let F (u, v) be a one-dimensional formal group law. Let R[x λ ] λ∈Λ be the ring of polynomials with indeterminates x λ for λ ∈ Λ. Let ǫ : R[x λ ] λ∈Λ → R, x λ → 0 be the augmentation map. Let R x λ λ∈Λ := R ker(ǫ) be the completion of R[x λ ] λ∈Λ with respect to the ideal ker(ǫ). Let J F be the closure in the ker(ǫ)-adic topology of the ideal of R x λ λ∈Λ generated by x 0 and x λ1+λ2 − (x λ1 + F x λ2 ) for all λ 1 , λ 2 ∈ Λ. The quotient algebra R Λ F = R x λ λ∈Λ /J F is called the formal group algebra. If F = F µ1,µ2 the corresponding formal group algebra will be called hyperbolic. It is a unital associative commutative R-algebra. By definition we have
Observe that if Λ is free abelian of rank n, then R Λ F is isomorphic (non-canonically) to the ring of formal power series R x 1 , . . . , x n (we refer to [CPZ, §2] for further properties and examples of formal group algebras). Note that we take the completion of R[x λ ] λ∈Λ since in general the formal group law is a formal power series.
Kac-Moody root systems. Following [Kac] , [Ku] , [MP] , and [R] , let I = {1, ..., l} for some l ∈ N and let A = (a ij ) i,j∈I for a ij ∈ Z be a generalized Cartan matrix, i.e. a ii = 2, a ij ≤ 0 for i = j and a ij = 0 implies a ji = 0. Choose a triple (h, Π, Π ∨ ) where h is a vector space over a base field
This triple is unique up to a canonical isomorphism. The Kac-Moody algebra g = g(A), in the sense of [Ku] , [MP] , and [R] , is the Lie algebra over k, generated by h ∈ h and symbols e i and f i (i ∈ I) with the defining relations
Note that this definition of a Kac-Moody algebra is equivalent to the definition of [Kac] if the generalized Cartan matrix is symmetrizable.
Let Λ r = i∈I Zα i ⊂ h * be the root lattice (the root lattice is denoted by Q in [Ku] , here we follow the notation of [Tits] ). We have a root space decomposition
. The set Φ is the Kac-Moody root system corresponding to g with simple roots α i and simple coroots α
be the subgroup generated by {s i | i ∈ I}, called the Weyl group of g. According to [Kac, Prop. 3.13] or [Ku, Prop. 1.3 .21], W = s i 1≤i≤l is a Coxeter group where the order m ij of s i s j (i, j ∈ I, i = j) is given as follows:
a ij a ji 0 1 2 3 ≥ 4 m ij 2 3 4 6 ∞ A root α ∈ Φ is called real if there exist w ∈ W such that α = w(α i ) for some simple root α i . We denote the set of real roots by Φ re . For any α ∈ Φ re , we have α = w(α i ) for some w ∈ W , α i ∈ Π and we define α ∨ := w(α ∨ i ). One can show that this is well-defined. Then for any β ∈ Φ and α ∈ Φ re there exists s α ∈ GL(h * ) such that s α (β) = β − β, α ∨ α and s α ∈ W since s α = ws αi w −1 . We will say that a Kac-Moody root system is of finite, affine or indefinite type if the corresponding generalized Cartan matrix satisfies (Fin), (Aff) or (Ind) respectively.
The Kac-Moody root systems of finite type correspond to the root systems of finite-dimensional semisimple Lie algebras since these are the corresponding KacMoody algebras. There is a complete classification of Kac-Moody root systems of affine type in terms of affine Dynkin diagrams (see [Kac, ).
For a Kac-Moody root system of affine type, it is traditional to start numbering the simple roots at 0, i.e. the root basis is Π = {α i | i ∈ I} with I = {0, ..., l}. In this case, there exists a unique element δ ∈ Λ r called null root (which will play an important role in our arguments) defined as δ = l i=0 a i α i where the a i 's are the numerical labels of each node in the Dynkin diagram of [Kac, . Note that α 0 is not arbitrary since α 0 = a
where θ is the unique highest root of the underlying root system of finite type. By definition, for i ∈ I we have
Formal Demazure lattices
Note that in the case of a finite root system with root lattice Λ r and root basis Π = {α i | i ∈ I} the weight lattice
∈ Z for all i ∈ I} plays an important role in the classification and representation theory of the respective algebras/groups up to isogeny. Namely, each isogeny class of algebraic groups corresponds to an intermediate lattice Λ, Λ r ⊆ Λ ⊆ Λ w with Λ = Λ r (resp. Λ = Λ w ) being the adjoint (resp. simply-connected) class. Moreover, these intermediate lattices are the initial data in the construction of the equivariant oriented cohomology ring of flag varieties of [HMSZ] and [CZZ] . As the main purpose of the present paper is to extend these results to the Kac-Moody case, a natural question arises of what should be taken as an analogue of the intermediate lattice Λ or, equivalently, to which lattices Λ ⊇ Λ r in the Kac-Moody case can one extend the calculus of formal Demazure and BGG operators of [HMSZ] and [CZZ] .
Let now Φ be a Kac-Moody root system and let Π = {α i | i ∈ I} be a set of simple roots. We use the notation introduced in §2. We call
do not span h, a set of fundamental weights is not uniquely determined by the data defining Φ. For example, if Φ is of affine type and {ω i | i ∈ I} is a set of fundamental weights, then so is {ω i + nδ | i ∈ I} for any n ∈ k since δ, α ∨ j = 0. This non-uniqueness is the reason why the standard weight lattice Λ w may be too large for our purposes. The following notion provides a candidate for a replacement of Λ w .
Definition 3.1 (Formal Demazure lattices). We call a finitely generated free subgroup Λ of (h * , +) a formal Demazure lattice if it has the following properties:
(FDL1): every simple root can be extended to a basis of Λ, in particular
Let Λ and Λ ′ be formal Demazure lattices. By definition, a morphism of formal Demazure lattices is a Z-module homomorphism φ : Λ → Λ ′ satisfying φ(Λ r ) ⊂ Λ r . Together with this notion of a morphism, formal Demazure lattices form a category. In particular, we have the notion of an isomorphism of formal Demazure lattices. (c) Obviously, the root lattice Λ r = i Zα i is a so-called trivial formal Demazure lattice. We are interested in bigger formal Demazure lattices. Examples will be given in 3.4 and 3.6. Lemma 3.3. A formal Demazure lattice has the following properties.
iii) every real root can be extended to a basis of Λ.
Since by (FDL1) we have Λ r ⊂ Λ, α i ∈ Λ so cα i ∈ Λ and s αi (λ) ∈ Λ. Since W is generated by simple reflections and s 2 αi = id, we have w(Λ) = Λ for any w ∈ W .
(ii) Let λ ∈ Λ and let α ∈ Φ re . Then there exist α i ∈ Π and w ∈ W such that w(α i ) = α. Therefore, by (FDL2), λ, α
(iii) Let α ∈ Φ re . As before, α = w(α i ) for some w ∈ W and some simple root α i . By (FDL1), α i can be completed to a basis B of Λ. Then w(B) is a basis of Λ containing α and w(B) ⊂ Λ by (a). of affine type. We will describe all formal Demazure lattices which are lattices (in the usual sense) in Qα 0 ⊕ Qα 1 .
Any lattice Λ of Qα 0 ⊕ Qα 1 has the form Zλ 0 ⊕ Zλ 1 for Q-linearly independent λ i . Hence there exists an invertible matrix
such that λ 0 = aα 0 + cα 1 and λ 1 = bα 0 + dα 1 . For such a lattice Λ the condition α i ∈ Λ, which is part of (FDL1), holds if and only if B −1 ∈ Mat 2 (Z), i.e.
(2)
Since the coordinates of α 0 and α 1 with respect to the basis {λ 0 , λ 1 } of Λ are
Moreover we have
And similarly, 
Equivalently, the first row of B ′ is either (n, ǫ(1 − nm)) or (4n, ǫ(1 − 2nm)) for some integers n and m. In particular, for every n ∈ Z \ {0} the matrix
4n 1 + 2n 0 1 satisfies the conditions (3) and (4) and thus defines a formal Demazure lattice Λ n , namely
We will study these formal Demazure lattices in the following lemma. (ii) Let Φ be an affine root system. Recall the null root δ defined in section 2.2. If (6) there exists a pair i, j, i = j such that a i = a j = 1, then for any m ∈ Z \ {0} (iii) Let Φ be an arbitrary Kac-Moody root system and let {ω i | i ∈ I} be a set of fundamental weights. Then Λ = i∈I Zω i is a formal Demazure lattice unless α i (α (v) If Φ is a finite root system, i.e., the generalized Cartan matrix is a Cartan matrix, any abelian group Λ satisfying Λ r ⊂ Λ ⊂ Λ w is free of finite rank and satisfies (FDL2). It is shown in [CZZ, Lemma 2 .1] that any such Λ satisfies (FDL1) and hence is a formal Demazure lattice, except when Λ = Λ w and Φ is of type C l , l ≥ 1.
(vi) Let Φ be a Kac-Moody root system whose associated generalized Cartan matrix A is invertible. Then Λ w /Λ r is finite, namely |Λ w /Λ r | = | det(A)|. Hence there are only finitely many formal Demazure lattices in this case.
Remarks 3.7. (1) In this remark, let k = C. Following [Ku, Section 6.1.6], we define an integral Cartan subalgebra h Z of g as a finitely generated Z-submodule of h satisfying the following conditions: (C1): h Z is an integral form of h, i.e., the natural map h Z ⊗ Z C → h is an isomorphism, (C2): all simple coroots α
* contains all simple roots α i , and [MP, Section 6 .1], we can define a restricted weight lattice as a subgroup Λ of h * satisfying the following properties: 
} is a set of fundamental weights. However, it is not a formal Demazure lattice since 1 2 α 1 cannot be extended to a basis of Λ. Also, any set of fundamental weights is of the form {ω 0 + mδ, ω 1 + nδ} for some m, n ∈ Z. So we have that Λ = Zd * ⊕ Zα 0 ⊕ 1 2 δ is a formal Demazure lattice which is not a restricted weight lattice since ω 1 + nδ / ∈ Λ for any n ∈ Z.
Formal affine Demazure algebras
The purpose of the present section is to extend the definitions of the formal Demazure operator of [CPZ] and of the formal affine Demazure algebra of [HMSZ] and [CZZ] to formal Demazure lattices. We follow closely [CPZ, §3] and [CZZ, §2] .
In this section Λ is a formal Demazure lattice.
Definition 4.1. For α ∈ Λ, we will say that an element
Proof. Since Λ is a formal Demazure lattice and α ∈ Φ re is a real root, α can be completed to a basis of Λ by 3.3. Also, by [CPZ, Corollary 2 .12] we have R Λ F ≃ R x 1 , . . . , x n with x 1 = x α . Therefore, x α is regular by [CPZ, Lemma 12.3] . Following [CPZ, Corollary 3 .4], we can show that u − s α (u) is uniquely divisible by x α for any u ∈ R Λ F if and only if x α is regular. Since x α is regular for any α ∈ Φ re , we can define an operator on R Λ F as follows.
Definition 4.4 ( [CPZ, Def. 3.5] ). Let α ∈ Φ re . We define a R-linear operator on R Λ F as
for all u ∈ R Λ . We call the ∆ α 's Demazure operators.
We now follow [HMSZ, §6] and [CZZ, §5] . Let Q F be the localization of R Λ F at the multiplicative subset generated by {x α | α ∈ Φ re }. The localization map is injective (see [CZZ, Lemma 3.2] ) because x α is regular for all α ∈ Φ re by 4.2. Since W preserves the set of real roots, the action of W on R Λ F extends to an action on Q F .
Definition 4.5. [HMSZ, Def. 6 .1] Let δ w be the element in the group algebra R[W ] corresponding to w ∈ W and 1 := δ 1 ∈ R[W ]. We define the twisted formal group algebra to be the R-module Q
F and define an R-bilinear multiplication by
The algebra Q F W is unital associative and the W -invariant elements lie in the center.
Definition 4.6. [HMSZ, Def. 6 .2] For each α ∈ Φ re we define the formal Demazure element as
One can check that the following lemma holds in our setting. Definition 4.8. [HMSZ, Def. 6 .3] The formal Demazure algebra D F is the Rsubalgebra of Q F W generated by the formal Demazure elements X α for all α ∈ Φ re . The formal affine Demazure algebra D F is the R-subalgebra of Q F W generated by the elements of the formal group algebra R Λ F and by D F . In fact, by [CZZ, Lemma 5.8 ], D F is generated by X αi for all simple roots α i together with the elements of R Λ F .
Definition 4.9. [HMSZ, Def. 4 .2] Consider the power series g u, v) and, for α ∈ Φ re , let
In fact, κ λ,µ ∈ R Λ F by [HMSZ, Lemma 6.7] . We denote κ aαi+bαj ,cαi+dαj as κ ai+bj,ci+dj and x aαi+bαj as x ai+bj .
Proposition 4.10 ( [HMSZ, Prop. 6.8] ). Suppose i, j ∈ I and let m ij be the order of s i s j in W . Then
for some η w ∈ Q F . More precisely, we have the following braid relations: Remark 4.11. In the cases (a), (b) and (c), we have η w ∈ R Λ F since κ λ,µ ∈ R Λ F for all λ, µ ∈ Φ, λ + µ = 0 by [HMSZ, Lemma 6.7] . For case (d), we can view span Z {α i , α j } as a finite subroot system of Φ of rank 2 and we also have η w ∈ R Λ F by [CZZ, Lemma 7 .1] and [CZZ, Example 7.3] .
we have that κ i,j = 0 hence the braid relations X ji... = X ij... hold. For F (u, v) = F µ1,µ2 (u, v), we get by direct computation that (i) κ i,j = µ 2 (see also [Co, Rem. 3.10 and Ex. 3.12.(3) ]), so for m ij = 3 we have X jij − X iji = µ 2 (X i − X j ), and for m ij = 4 we have
2 (see computer aided computations in [Le, Appendix] ), so for m ij = 6 we have
Proposition 4.13 (cf. [HMSZ, Thm. 6.14] ). Let Λ be a formal Demazure lattice. Let F (u, v) = F µ1,µ2 (u, v) be the hyperbolic 2-parameter formal group law.
The formal affine Demazure algebra D F is generated as an R-algebra by elements of R Λ F and the formal Demazure elements X i , i ∈ I, and satisfies the following relations:
• the braid relations (i) and (ii) of 4.12 for all i, j ∈ I if m ij = 3, 4, 6; • no relations between X i and X j for all i, j ∈ I such that m ij = ∞.
These relations form a complete set of relations for D F .
Proof. This follows by the same proof as in [HMSZ, Thm. 6.14] and by the fact that both ξ ji and ξ ij lie in R Λ F by 4.11 or in view of the explicit formulas 4.12.(ii).
Remark 4.14. One can show that if we remove the first relation of 4.13 we obtain a complete set of relations for the formal Demazure algebra D F .
Hecke Algebras
The purpose of the present section is to generalize [CZZ1, Prop. 9 .2] to a KacMoody root system of arbitrary type, see 5.2. In 5.3, we obtain an algebra isomorphic to the affine Demazure algebra.
Definition 5.1. (cf. [HMSZ, Def. 8 .1]) Let R be a (commutative unital) ring containing Z[t, t −1 ]. In Lusztig's notation, the Hecke algebra H associated with the Coxeter group W is the associative R-algebra with 1 generated by elements T i := T si , i ∈ I, and satisfying (i) the quadratic relations (T i + t)(T i − t −1 ) = T 2 i + (t − t −1 )T i − 1 = 0 for all i ∈ I, and (ii) the braid relations Theorem 5.2. Let R be a (commutative unital) ring containing Z[t, t −1 ] and let u ∈ R. Set µ 1 = u(t + t −1 ) and µ 2 = −u 2 . Then if F is the hyperbolic formal group law F µ1,µ2 (u, v) = u+v−µ1uv 1+µ2uv , the assignment X i → u(T i + t) defines a morphism of R-algebras from the formal Demazure algebra D F to the Hecke algebra H over R. If u ∈ R × , this morphism is an isomorphism.
Proof. Let A be the free associative unital algebra on generators X i , i ∈ I. There exists a unique (well-defined) algebra homomorphism ψ : A → H such that ψ(X i ) = u(T i + t). We check that ψ annihilates the ideal generated by the relations of 4.13 defining D F . We have
We can check that ψ(X i X j − X j X i ) = 0 since T i T j = T j T i by 5.1. We also have
Similarly, we get that ψ(X jiji − X ijij + 2µ 2 (X ji − X ij )) = 0 and
Since ψ annihilates the relations defining D F , it descends to a unital algebra homomorphismψ :
Moreover, if u is invertible,ψ is surjective since the image ofψ contains the generators of H, i.e.ψ(u −1 X i − t) = T i ∈ im(ψ). Also, we can find a surjective homomorphism in the other direction. Let B be the free associative unital algebra on generators T i , i ∈ I. There exists a unique (well-defined) algebra homomorphism φ : B → D F such that φ(T i ) = u −1 X i − t. We check that φ annihilates the ideal generated by the relations (i) and (ii) of 5.1 defining H. We have
= u −1 (t + t −1 )X i − 2u −1 tX i + t 2 (by 4.12) = u −1 t −1 X i − u −1 tX i − 1 + t 2 + 1 = (t −1 − t)(u −1 X i − t) + 1 = (t −1 − t)φ(T i ) + 1.
Therefore, (φ(T i ) + t)(φ(T i ) − t −1 ) = φ(T i ) 2 + (t − t −1 )φ(T i ) − 1 = 0. We can also check that φ(T i T j − T j T i ) = 0 since X i X j = X j X i by 4.13. We also have
Similarly, we get φ(T jiji − T ijij ) = 0 and φ(T jijiji − T ijijij ) = 0. Therefore, φ descends to a unital algebra homomorphismφ : H → D F , which is surjective and such thatψ •φ = id H andφ •ψ = id DF , hence, the isomorphism between D F and H.
As a consequence we obtain a similar result for formal affine Demazure algebras.
Corollary 5.3. Let R be a (commutative unital) ring containing Z[t, t −1 ], let Λ be a formal Demazure lattice, and let Φ be a Kac-Moody root system. Let µ 1 = t + t −1 and µ 2 = −1 and let F µ1,µ2 (u, v) = u+v−(t+t −1 )uv 1−uv be the hyperbolic formal group law. Let H be the R-algebra generated by the elements of R Λ F and by T i , i ∈ I, subject to the relations (i) and (ii) of 5.1 and for all γ ∈ R Λ F and i ∈ I γT i − T i s αi (γ) = (1 − tx αi )∆ αi (γ).
Then, the formal affine Demazure algebra D F is isomorphic to H by a ring isomorphism preserving R Λ F , in particular as an R-algebra.
Proof. We proceed in the same way as in 5.2 with u = 1. We have a unital algebra homomorphism ψ defined as the identity on R Λ F and mapping X i → T i + t. To show that ψ annihilates the ideal generated by the relations 4.13 defining D F it remains to show that ψ(γX i − X i s αi (γ) − ∆ αi (γ)) = 0 for all i ∈ I and all γ ∈ R Λ F . We have ψ(γX i − X i s αi (γ) − ∆ αi (γ)) = γ(T i + t) − (T i + t)s αi (γ) − ∆ αi (γ)
Therefore, we get a unital algebra homomorphismψ : D F → H and we can show it is an isomorphism as in the proof of 5.2.
